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The paper presents an averview of the inverse problems associated with applications of underwater
acoustics. The prob/ems are c/assijied into [aur main categories, according lo the recoverable quantities:
Acoustic source /ocalization, bottom ideniification; ocean acoustic tomography and target recognition: The
paper gives emphasis to the three first categories, and inc/udes methods to so/ve the inverse problems
associated with the appropriate experimental configurations.

1. Introdudion

Inverse problem s in underwater acoustics have
recently drawn the attention of scientists working in
underwater technology, due to the relatively high
efficiency of the sound waves as carriers of
infonnation related to the environmental and
operational parameters in the sea environment,
including acoustic source characteristics and shapes
of objects in the water Ol' the bottom layers.

The recovery of these parameters using
measurements of the acoustic field is the main
objective of the inverse problem s in underwater
acoustics

According to the classification proposed by
Collins and Kupennan [1], the inverse problems in
underwater acoustics fuli in two main categories:
Remote sensing of the sea environment and
localization. In the first category problem s such as
that of estimating sound speed structures and current
fields in the water column (acoustic tomography),
bottom properties and roughness parameters are
encountered while in the second one, problems of
source recognition and localization as well as source
path estimation are faced. In this paper we will

adopt a more fine classification, by dividing each
one of these two categories into two more. Thus,
remote sensing is divided in ocean acoustic
tomography and bottom identification, while
locaIization is divided into source localization and
target recognition. This division is main1y dictated
by the actual methods developed for solving the
corresponding problems.

The structure of the paper is as folIowing: In the
first section, generał remarks on the inverse
problems in underwater acoustics will be made. In
the subsequent sections, problems from the three
first categories will be presented, together with a
selection of methods developed for their treatment
and some typical ilIustrative examples.

2. FormuIation oC the inverse problems

Conceptually, the formulation of the inverse
problem s is simple. Practically, aIl the inverse
problem s we encounter in underwater acoustics are
discrete. A set of model parameters

Tm =[m"m2' .... ,mM]
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is to be recovered from a set of measured data d.

d =[dł,d2,·.··,dN f
Model parameters and data are related through a

generaIly non-linear vector equation ofthe form:

((m,d) =0

Th~ equation is determined by appropriate
modelmg of the forward acoustic propagation
problem and in general f1mction r is complicated
and not amenable to linearization. Thus, the
problem is non-linear and very difficult to be
solved. In some cases though, the problem can be
linearized, and is reduced to the solution of alinear
system of equations ofthe form:

d=Gm

Written analytically as

M

d, = LQijmj,

j=ł

i=I, ...,N

The system can be underdetermined even
determined or overdetermined according 'to the
number of the available data in association with the
number of the recoverable parameters. For an
overdetermined system, which is frequently the
case, least square solutions are usually derived.
There is no need to go into details on the solvability
of the system or in generał equation (1). It is well
known that inverse problems based on discrete
measurements of field data are iI1 posed and the
uniqueness or even the existence of the solution
cannot be easily ensured.

In surnmary, the key factor governing the
solvability of an inverse problem is the
detennination of the function f. As the data and the
parameters can be associated by different ways, it is
up to the researcher to decide the appropriate way,
which in tum will be dictated by the existence of the
necessary means to perform the measurements and
of course the inverse methods he has in mind.

In the subsequent sections we will refer to some
standard inverse problem s in underwater acoustics,
presenting a selection of methods that have been
proposed so far for their treatment. The presentation
of the methods is far from being complete, but it
will give an overview of the subjects of current
research in the field. It has to be noted that the
methods to be presented are used by the group of the
Institute of Applied and Computational
Mathematics in FORTH, working with inverse
problem s in underwater acoustics.

3. Ocean acoustic tom ogra phy

Ocean acoustic tomography has been introduced
in underwater acoustics as an altemative method for
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(1)

the remote sen~ing of the oceanographic processes,
through acoustic measurement [2]. Since the first
time that this concept drew the attention of the
acousticians and the oceanographers, a number of
methods for solving the associated inverse problem
have been deveIoped and the feasibility of the
concept itself has been demonstrated by field
experiments.

Ocean acoustic tomography is traditionally
referred to the recovery of the temperature structure
of the sea, through measurements of the acoustic
field. The recovery is made indirectly in the sense
that it is the sound speed, which is directly
recovered, the ternperature being estimated through
semi-empirical formulae.

(2)

(3)

3.1 Ray inversions

Originally, ocean acoustic tomography was
~ on ray theory, since the vehicle, carrying the
mformation on the environment was the acoustic
ray. It was the ray travel time, which gave the
necessary information for the calculation of the
sound speed. Broadband sources were used and the
signal was recorded at a single hydrophone.

Linearizing the problem with respect to a known
"background state", travel time variation Mf along a
certain ray f; is associated with sound speed
variation through the formula

s-. = J oc(i) ds
t 2

r; Co (i)
(4)

where, Co is the sound speed for the background
state and i are the spatial variabies.

Provided that ray arrivals could be identified in
the receiver location, the use of N measurements
could result in the extraction of the sound speed
along the ray path and finally at discrete points in
the water column. The problem is normally solved
by discretization of the ray path and the use of
orthogonal functions to describe the sound speed
variations (see below).

The method has been extensively used especially
in deep-water areas with good results. It shouId be
noted that tracking of the peaks, that is relating the
peaks of the signal of the background envirorunent
with them of the actual measurements, is essential
for the application of the method.

3.2 Modal travel time inversions

An ałtemative approach is to identify modal
arrivals instead of rays. This approach could be
applied in shallow water areas where there is better
modal resolvability with respect to the deep water
case. Modal travel time is defined as the travel time



of a modal packet propagating in the water column.
The modal velocity is defined as:

aro I
Vgn =ak

n ((lo

-where k« is the eigenvalue of order n, when the
problem is solved using normal-mode theory.

The formula associating modal travel time
variations with respect to a background environment
is of the form:

and the integration is over the area of the sound
speed variation. The function Qn is calculated for
the parameters of the background environment [3,4].

By appropriate discretization of the water
environment, the application of this formula for N
measurements of the modal travel time, result in the
linear system

Ih = Gik

Note that the application of formula (4) under a
similar discretization process leads to same system
of equations.

The method works well for the recovery of
range-average sound speed profiles or structures
where the recoverable parameters are local
vananons described by means of empirical
orthogonal functions (EOFs). EOF's are functions
detennined by statistical analysis of historical data
and are frequently used to describe the depth
variation of the sound speed.

Here, efis the amplitude of the EOF.

It has been shown that the use of EOFs has a
twofold effect as regards the inverse problem. First
it leads in a decrease of the number of the unknowns
(normally 2 or 3 orders of EOFs are enough to
detennine the field), thus rendering the problem
more easy and second ensures the physical meaning
of the results by forcing them to be smooth
functions.

Figure l presents an example of EOFs (three
orders) deterrnined for the environment of the Gulf
of Lions in France. They are scaled for simulation
reasons to the depth of 400 m. They correspond to
the sound speed variation with respect to a linear
reference profile.

(5)
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Fig. l. Empirical Orthogonal Functions

Using EOFs, equation (7) is referred to the
amplitudes ee of the EOF's instead of the sound
speed values Cj

When inverting for a range-dependent environment
the amplitudes are functions of range.

(7) 3.3 Peak inversions

When neither ray arrivals nor modal arrivals are
identifiable, an altemative approach has been
introduced allowing inverting for the local maxima
of the arrival pattem of the tornographic signal. If
the amplitude of the pressure at the receiver's
location is

a(t; c(x)) = a(tJi)

the arrival times of the local rnaxirna satisfy the
equation

(8) where prirne denotes differentiation.

Using this approach, a linear relationship
between travel time variations of the peaks and
associated sound speed variations in the same way
as in equation (7) can be defined. [5]

This approach has been used extensively for
processing the data of the THETIS I and II
experirnent in the Mediterranean Sea with excellent
results [6,7]. Range average sound speed profiles
have been obtained so far, but progress is underway
to assess the conditions of applicability in range-
dependent environrnents.

3.4 Modal-phase inversions

A similar approach is to invert for the
amplitudes of the EOFs or the sound speed values
using rneasurements of the modal-phase differences,
defined as the phase of each normal mode filtered at
the receiver's location. However, in order that this

(9)

(10)

(11)
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approach is applied, an array of hydrophones is
needed to determine the modal structure in the
frequency domain. Although simulations for the
inversion of the sound speed profiles even in the
case of range-dependent media have been reported
[4,8], the author knows no results using real data.

3.5 Matched-field inversions

AlI these approaches are linear, and only
variations from a known background date can be
obtained. This means that a-priori information for
the sound speed structure at the area of interest
exists and that it is enough to define the baekground
environment. When this is not the case, non-linear
schemes have to be applied. So far, inversions based
on matehed-field proeessing are very popular,
despite the limited number of experiments that have
been performed for their validation.

The sound speed structure at a specific area is
determined by "matching" replica fields with
measured ones, the replica fields determined by
means of a suitable direct propagation model. The
matehing over a generally wide seareh space is
eontrolled by means of an objective function, whieh
has its maximum when its input set consists of the
real model parameters [9].

Thus, the solution of the problem is in prineiple
obtained by looking for the model parameter vector
m that maximizes the objective function L(m).

The approach is very simple in its concept but it
is computationally expensive, due to the great
number of estimations for the replica fields that
have to be performed. Of eourse, the proeess is
controlled by a suitable algorithm aiming at
redueing the number of the required calculations.
This can be done by directing the search towards
most probabIe solutions or to a population of
acceptabIe solutions. Simulated Annealing [9],
Genetic Algorithms [10] are typieal examples of
algorithms developed to controI the directive search.
Hybrid approaehes eombining non-linear and linear
techniques have also been applied [12].

Figures 2 to 4 present examples of the use of
such a hybrid approach using simulated data. The
approaeh is based on the use of a background
environment for a modal-phase approach, whieh has
been the result of the applieation of a matehed-field
scheme. Figure 2 is the actual environment
corresponding to a eold eddy, described by means of
EOFs of the type of Figure 1. Figure 3 presents the
reeovered strueture, when a matched-field
processing scheme with a Genetic AIgorithm is
applied and Figure 4 corresponds to same
environment recovered by a hybrid scheme.

The objeeti ve funetion used in this matehed- field
processing was a standard Bart1ett processor defined
as
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(12)

where w(m) is referred to the calculated pressure

field and C = nu+, and a is referred to the
meassured pressure field
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Fig. 2. The simulated strueture oj a eold eddy
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Figure 3. The strueture oj the eold eddy reeovered
using matehed-field proeessing

Fig. 4. The strueture oj the eold eddy reeovered by
the hybrid approaeh

Altemative approaehes in the eontext of non-
linear schemes include matehed-mode schemes in
which the sound speed structure is calculated by



matching the modal structure rather that the pressure
field [13], and neural network s [14] in which the
field matching is preceded by a 1earning phase,
aiming at teaching the network to understand the
differences in the fie1ds and a possib1e reason for
these.

4. Bottom cłassification

The classification of the sea-bottom by acoustic
means has been a subject of research since a long
time. The reasons are obvious. Knowledge of the
nature of the sea bottom is an important factor
governing all app1ications of underwater-acoustics
especially in shallow water areas. Two main classes
of inverse methods could be mentioned at this point:
Ray theoretic approaches and full wave techniques.
In the first class belong al! methods that decompose
the acoustic field into plane-wave components and
use the concept of reflection coefficient as a vehicle
for performing the necessary inversions. Ali the
methods using measurements of the acoustic field
without making reference to its ray composition fali
in the second class.

It should be noted that ambient noise is an
alternative source of information for imaging the sea
environment which of course inc1udes the
estimation of the bottom pararneters [15]. It is well
known that the spatial characteristics of the ambient
noise are correlated with the ocean sound speed
structure in both the water column and the bottom.
Accordingly, if there is a good knowledge of the
water parameters at a specific region, which is often
the case, bottom parameters can be estimated by
exploiting the ambient noise information obtained
using arrays of hydrophones. We will not go into
details for this approach. Instead we will present
here two approaches corresponding to the first two
c1asses of methods which are supported by field and
simulated data.

4.1 Ray-theoretic inversions

Ray theoretic methods are more appropriate
when the acoustic measurements are made at a
location very close to the source (locał methods). In
these cases it is sometimes more convenient to
assume that the acoustic field can be accurately
described as a superposition of piane waves and
apply inversion schemes based on the extraction of
the piane wave reflection coefficient from the actual
measurements. Normally, broadband sources are
used and the inversions are performed in the
frequency domain.

A typicaJ experimental set-up is shown in Figure
5. It corresponds to the setting of the REBECCA
and SIGMA projects, which are funded by the EU
[16]. The source is a parametric array and the
measurements are taken at the hydrophones of a

streamer towed behind the sonar at the same depth.

If measurements of the reflected field for a
number of different angles of incidence are made,
the inversion procedure is structured in such a way
that exact knowledge of the source excitation
function is not needed. However, exact geometry of
the source receiver system including bottom
topography has to be known.

The idea is to calculate reflection coefficient
ratios between different angles of incidence

(13)

It can be shown that under the geometry of the
experimental set-up, this ratio is close to the ratio of
the reflected fields

I'(8
p
8) = S(8i;OJ)

J S(8 J; OJ)
(14)

Thus, it is possible to use any frequency within
the source bandwidth to determine ratios f' which of
course is a function of the bottom parameters, that
is, for the case of a single layered bortom, the shear
and compressional velocities and corresponding
attenuation as well as the bottom density. For a
multilayered bottom the unknown coefficients
include the parameters of all the layers along with
the thickness of the layers.

nEAM

<;

Fig. 5. Experimental set-up for bottom recognition
using a parametric array source

Using M angles of incidence we obtain M-l
values of corresponding ratios forming a system of
non-Iinear equations that can be sołved for the
unknown geoacoustic parameters m.

The system thus determined can be written 111

vector notation as:

f(m,d) = O (15)

Since the system is non-linear, various
techniques could be used for its solution, incłuding
local search algorithms based on the assumption that
there is a good indication of the actual field.

An exampJe of the use of this method is given
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below. Input data are from an experiment held in
August 1994 in the Atlantie Ocean elose to the
Freneh eoast near Brest at a site with average water
depth of 70 m. A horizontal array of hydrophones
was towed behind a parametric array mounted at a
subrnersible vessel (fish) . The aperture ofthe array
was 48 m and the spacing between the 25
hydrophones was 2 m. The whole system was towed
by the French research vessel "Le Noroit",

The signals received at the streamer were filtered
to eliminate noise and the precise geometry of the
experiment was determined using navigationa! data

for the whole system.

Results of inversion for two different sites within
the area ofthe experiment (49 and 51) are presented
in rabie I. The angles of incidence used were in the
range between 30 and 35 degrees which cannot be
considered optimum for the type of bottom expected
in the area, given the information on the bottom
matma! (silt), being away from the critical angle.
This is why no attenuation coefficient could be
obtained. However the results are clearly
satisfactory.

Tab/e 1: Inversion resu/ts

Parameter Initia! Result (49) Result (51) Average

Value Values (silt)

Pl kg/m' 1500 1269 1245 1280

Cp2R(m/S) 1800 1502 1518 1490

Cs2R(m/S) 500 70 84 180

Ap (dB/)') 0.0 - - 0.09

As (dB/)J 0.0 - - 0.09

4.2 Wave tbeoretic inversions - matcbed field
processing

If the array is positioned away from the source,
local reflection phenomena cannot be studied, due to
the multiple-path propagation that makes it difficult
to isolate single rays that interfere with the bottom
and apply techniques similar to the one descńbed in
the previous section. It is therefore desirabie to use
the fuli-field measurement at the hydrophone array
to invert for the geoacoustic parameters.

A straightforward approach is therefore
matched-field processing. The technique is vastly
applied for geoacoustie inversions as it was noted
during a recent benchmark exercise for bonom
geoacoustic inversions (Vancouver 1997), where
most of the presentations were based on this
technique, the only differences being in the search
algorithm utilized. In this context genetic algorithms
were proven to attract the interest of the majority of
the partieipants [17].

In this section a matched field algorithm is
presented along with the results obtained for one of
the benchmark cases of the experiment mentioned
above [18].

An interesting feature of the benchmark exercise
was that broadband simulated data were available to
the participants. If a matched-field processing
algorithm is to be applied, the objective function has
to be defined. Four alternative cost functions are
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mentioned below: They have been proven to give
similarly good results for the problem in hand the
difference among them being mainly in the way that
the processing is performed in the frequency domain
[18):

COHl

L1(m)=t ±(If f LDP'l(j)M~(m)(fJK-l(m)l
1=1 F1Fq+l B 1 j

com

L2(m) =+t[l~t~DP'l(f)M~(m)(j)lrl(m) l
INCOHl

L3(m)=t t[~1~J:+~P'l(f)M~(m)(f)lrl(m)l

INCom

',(oH t.[ ~ 1t,1D",(flM;"(m, (fliK ((o)J
where B denotes the frequency band,



is the data cross spectrum, and

M pq(m) (j) = M p(m) (f)M ;Cm) (f) 17)

is the modeled cross spectra and the star (*) denotes
complex conjugate.

D; is the complex pressure measured in the
hydrophone p and Mp(m) is the complex pressure
calculated by a suitable algorithm solving the
forward propagation problem for the candidate
model vector iii .

K(m) is a normalization constant defined so that
the objective function takes its maximum value l
when the candidate model vector iii is identical to
the actual model vector m.

The environment considered here is one of the
test environments of the benchmark exercise and it
is denoted as WA. Its basie properties appear in
figure 6 and consist of a water layer over a two-
layer bottom of fluid material. It is interesting to
note that according to the specifications of the
experiment, the water depth as well as the source

water____ c(z)

c(D)~1460 m/s

Fig. 6. The test environment for bottom geoacoustic
inversions

location were additional unknowns to the bottom
parameters. The sound velocity structure in the
water was known as well as the attenuation in the
bottom layers. The problem had therefore 9
unknowns to be recovered.

Data provided by the organizers of the
benchmark exercise that included noise, and
calculated in a number of frequencies (from 25 to
199 Hz were used. An experiment with a vertical
linear array placed at a nominal distance of 4 km,
from the source, spanning 100m in water depth with
hydrophone spacing l m was simulated. All the
objective functions mentioned above were tasted

(16) and an a-posteriori statistical analysis has been used
to predict statistical means and moments for the
recoverable parameters, following Gerstoft [19].
Replica fields were calculated using the standard
propagation code SAFARI [20]. A Genetic
Algorithm described in [12] was used and atotal of
10.000 models were computed. The best 100 of
them were kept for the statistical analysis.

WAC c,,,,{D):1565.69 m/s

1600

3

Fig 7. The a-posteriori marginal probability
functionfor c"iD).

Figure 7 presents an example of results obtained
by the statistical analysis. They correspond to the
sound speed at the upper part of the sediment layer.
The actual values in the figure are marked with a
star. It can be easily seen that the value
corresponding to the maximum probability for each
one of the parameters is very close to the actual
value. Also, we note the rather equivalent bchavior

of the various objective functions with the onIy
significant difference in the results coming from the
incoherent processing in the frequency domain that
can be considered as more reliable. This can be
partly explained by the faet that sinee we had data
from tones (and not a real broadband source), the
shape of the signal eould not be exploited, in which
case the phase in each frequency would definitely
provide more information for the inversion
procedure.

Finally, Table TT presents the values of the
geoacoustic parameters, as well as the water depth
and the source position as calculated by the
matched-field processing scheme and corresponding
to the model that gave the maximum fit, that is the
model vector resulting in the maximum value of the
objective function.

It can be easily confirmed that values
corresponding to tne parameter set snowtng best nt
with respect to given data, are very close to the
actual values of the parameter set. It should also be
noted that various modifications including two-stage
processing which exploits the different effect that
lower frequencies have with respect to higher
frequencies lead to similar results [21].
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Tab/e II. lnversion results using matched-field processing. Values corresponding to best fit

Parameter CORl

Source range (m) -279.4

Source depth (m) 28.06

Water depth (m) 119.68

Sediment thickness, hem) 30.95

Sound speed, cseiD) (m/s) 1579.

Sound speed, cseiD+h) (mis) 1587.

Sediment density, p (g/cm3) 1.63

Subbotom sound .speed c'''p (m/s) 1678.6

Subbottom density, p (g/cm") 1.78

COH2 INCOHl INCOH2 True value

-273.0 -273.0 -298.4 -290.0

28.06 28.06 28.06 28.23

119.36 120.00 120.00 119.88

27.78 30.47 29.68 28.95

1579. 1562. 1565. 1565.69

1587. 1588. 1616. 1591.76

1.72 1.67 1.71 1.68

1698.4 1703.1 1706.3 1707.12

1.80 1.89 1.89 1.88

S. Source localization

Source localization is referred to the problem of
identifying the position of a sound source. Most of
the methods that have been proposed so far exploit
matched-field or matched-mode processing
algorithms. As a matter of fact matched-field
algorithms have been introduced as a tool for source
localization. Necessity for source localization
problem s emerges in practicall y al! the applications
of underwater acoustics. This is due to the fact that
the exact position of the source is an indispensable
information for solving large classes of inverse
problems, including ocean acoustic tomography and
bottom recognition. The matching techniques have
the advantage that been non-Iinear by their nature
could be used for the recovery of a multparameter
space, which of course could in principle include the
information on the location of the sound source.
Thus, source localization was a sub-product of the
bottom recognition mentioned above, as indicated in
the Table II. It is interesting to present the
corresponding statistical distributions for the
experiment mentioned above (Figure 8).

WAC Ozsou:8.230 m

l

~
10

Fig. 8: The a-posteriori marginal probability
function for the source depth.

The next example gives results for source
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localization in a different way. They have been
obtained using matched-mode approach. A vertical
array of hydrophones is used to measure the
acoustic field.

In brief, matched-mode approach as applied at
FORTH, is based on the recovery of the eigenforms
An (r; ZO) of the modal expansion of the acoustic
field written in cylindrical co-ordinates:

N

p(r,z)= L.,An(r,zo)u,,(z)
n=]

(18)

where LIn (z) is the eigenfunction of order n.

Performing discrete measurements of the
acoustic field in J hydrophones, we get the data
vector:

d = [Pl, P2,·····Pl { (19)

where,

N
Pj=L.,UjnAn, j=1,2, ... ,J

n=1

The "model" vector m, is defined as

m =[A],A2,·····AN l (20)

and can be obtained by solving the system defined
in by least square method

(21)

provided that thc matrix (UTUrl is invertible.

To proceed, we need a means to "match" the
eigenforms AIl. This can be achieved by defining
an appropriate cost function in the same way as in
the case of matched-field processing. Again, we
have to apply suitable search algorithms for
accelerating the convergence of the procedure,



In the example presented in Figure 9, we have
used the environment WA of the benchmark
exercise mentioned in the previous section. An array
with just 25 hydrophones spaced 4 mapart have
been used covering the first 100 m in the water
depth at the nominal distance of 4 km. A simple
search algorithm was applied with a cost function
being an adaptation of the Bartlett processor used
for matched- field processing. In doing so, w and a
are referred to the complex eigenforrn instead of the
complex pressure.

The search space (20-35 m in depth and 3000-
4500 in range) was discretized in smali range and
depth increments and all possible values were
checked through the program MODEl developed by
the author. The results showing good source
localization appear in figure 9. The figure presents
the cost function calculated using the corresponding
range and depth for the sound source. Remember
that the actual source range is 3790 and the actual
source depth is 28.23 m.

6. Discussion

Various classes of inverse problems appearing in
applications of underwater acoustics have been
presented along with characteristic methods for their
solution. The forrnulation of the problems was based
on discrete inverse theory, while the methods for
their treatment were either linear or non-linear. Most
of the methods were supported by inversion
simulations, which were chosen in such a way so
that they can represent actual situations and in one
case with inversions corresponding to real data.
Both ray and wave-theoretic approaches were
considered, but no attempt was made to evaluate the
various approaches. This is a rather difficult task
since the potential of a specific method has to be
considered in connection with the actual
experimental conditions and the quality of existing
data. In general, matched-field or matched-mode
methods behave in a better way as compared with
linear schemes when the available data are noisy.

Fig 9: Source localization jor the environment oj
presented in section 4.2 using matched-mode
processing.

On-going research in the field is currently
focused on inversions using broadband data and fast
algorithms and on inversions perforrned in a range-
dependent environment. Range-dependent
inversions are essential when dealing with long
range monitoring of the ocean environment, while
preliminary results on the use of the time
inforrnation as complimentary to space information
has shown to improve the accuracy of the parameter
estimations.
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